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This paper describes two techniques for controlled Multi Degree of Freedom (MDOF) 
time waveform replication with examples of their application to a variety of test 
conditions.  The paper outlines the basic concepts of time domain and frequency domain 
control and illustrates the techniques using MDOF applications where one or the other 
method is more suitable. 
 
The time domain technique is an iterative technique, involving additive corrections to the 
shaker drive based on measured error between control and reference time histories.   
 
The frequency domain technique is both iterative and adaptive, involving 
convolution1 of the measured Inverse Multiple Input Multiple Output (MIMO) Frequency 
Response Function (FRF) matrix with the matrix of reference time histories.  In contrast 
to the time domain technique, the frequency domain technique can adapt during a test by 
performing  real time updates of the FRF matrix between drive and control signals. 
  
Topics covered include typical configurations of MDOF time waveform replication 
vibration tests, data acquisition considerations for reproducing MDOF motion, control of 
non-linear structures, over determined control (more controls than drives), and 
optimization of control techniques based on structural dynamic response and reference 
time history considerations.  
 

BACKGROUND 
 
Multi shaker time waveform replication has been in use many years in the automotive industry for road simulation 
and durability testing.  With advancements in actuator technology, allowing higher frequency and better control 
capability, multi shaker time waveform replication is becoming more widely used in other industries including 
aerospace and defense.  Automotive MDOF waveform replication testing is primarily done using iterative time 
domain correction techniques. More recently, frequency domain techniques involving system Frequency Response 
Function (FRF) correction have been used because of their ability to iterate faster and to make correction in real time 
during the test. 
 
Multi shaker testing can be either Single Degree of Freedom (SDOF) or Multi Degree of Freedom (MDOF).  Multi 
shaker SDOF testing is typically used for reproducing single degree of freedom (single axis) motion on large 
structures that require the force to be distributed along the structure or require more force than can be achieved with 
a single actuator.  Multi shaker control is still required in this case to compensate for differences in impedance seen 
by the actuators and the modal characteristics of the structure.   
 

                                                           
1 Though convolution is defined as a Time Domain operation, it is usually implemented 
as a Frequency Domain operation using the equivalent multiplication operation. 



Multi shaker MDOF vibration testing typically involves translations in two or three orthogonal axis (X, Y, Z) or a 
combination of translations and rotations about three axes (six DOF).  Typical applications for Multi Shaker MDOF 
testing includes automotive road simulation for durability and seismic qualification (IEEE 344).   
 
This paper outlines two implementations of these techniques and compares the advantages and disadvantages of 
each.  Results from a simple test on a six DOF actuator system are used to illustrate the techniques. 
 
 

TIME WAVEFORM REPLICATION PROCESS 
 
Time waveform replication is a multi step process that starts with careful consideration of the laboratory 
requirements when acquiring field data.  The typical steps are: 

1. Data Acquisition 
2. Reference data editing and signal processing 
3. Pretest system characterization 
4. Iteration (to reduce error) 
5. Test 

A durability test fixture for automotive truck mirrors is used to illustrate these concepts. The actuator system is a 
Team Cube.  The structure has two commercial truck doors mounted at the same distance from each other as on the 
vehicle.  In actual testing, test track data is measured in the field and used as the reference time histories for the test. 
 
The Team Cube, shown in Figure1, has three pairs of hydraulic actuators in each of three orthogonal axes (X, Y, Z), 
and is capable of producing six DOF motion.  In this test, the vertical actuator pair is labeled Z1 and Z2.  The 
horizontal actuators are labeled Y3, Y4, X5, and X6.  The system is rated for 0-250 Hz.  First, the six actuators were 
excited using broadband random noise and data was recorded on three triaxial accelerometers.  This recorded data 
was then used as reference signals for the subsequent time waveform replication. 

 
  

 
 

Figure 1. Team Cube 



OVER DETERMINED CONTROL AND SINGULAR VALUE DECOMPOSITION 
 
When making field measurements for six DOF time waveform replication it is important that sensor placement 
should allow the exact same placement during laboratory simulation.  In this test, reference time history 
measurements were made on the actuator system by exciting the six actuators with band limited random noise, so 
differences in location and impedance between field and laboratory were not a factor in the test results. 
 
It is recommended for six DOF time waveform replication that an over determined (more feedback control 
measurements than DOF) control strategy be used.  In order to accurately measure all six mechanical DOF it is 
important that the control accelerometers be placed in locations that are not collinear (Fitz-Coy & Hale, 2000).  
Figure 2 shows the locations of the three triaxial accelerometers to provide nine control degrees of freedom.  
 
One triaxial accelerometer was placed near the upper hinges of the doors at the Left A Pillar (LAP) and another  was 
placed at the Right A Pillar (RAP).  A third triaxial accelerometer was placed at the top center of the Cube (Ctr). 
Over determined feedback addresses two potential problems: 

• Difference in mechanical impedance between field and laboratory may result in one of the reference 
transducers aligning with a spectral node causing problems when computing the inverse FRF matrix. 

• Kinematics of rigid body motion require three vector equations and 3 unknowns (angular velocity, angular 
acceleration, and linear accel of reference point)  Use of just LAP and RAP locations in this test would be 
an example of colinear triaxial accels that will not reproduce the 6 DOF motion properly. 

One of the problems in MDOF time waveform replication is the inversion of the system transfer function matrix 
required for the convolution with the reference time history matrix. When this matrix is square and it’s determinant 
is non-zero (at every frequency), then many techniques can be used for inversion. When this matrix is rectangular 
(this is the general case), then Singular Value Decomposition (SVD) is typically used to factor the matrix into the 
product of 3 matrices, H = U * S * VT, and determine the Moore-Penrose pseudo inverse2.  This has the additional 
benefit that it automatically yields the true inverse, if such a matrix exists. 
 
 

 
 

Figure 2. Control Accelerometer Locations (Test Equipment Courtesy of Spectrum Technologies, Inc) 

                                                           
2 The solution d = H-1 * r, where d=drive, r=reference and H-1=pseudoinverse, minimizes 
|| r – H*d ||, which means that the observed reference fitting error is smallest, in a least-
squares sense, for this vector of drive signals. 



PRETEST SYSTEM IDENTIFICATION 
 
The first step for both the time domain and frequency domain techniques is a pretest system identification.  This is a 
MIMO FRF measurement using all the drives as inputs and all the control channels as output.  This is performed 
using band limited uncorrelated random noise because any correllation, present in many reference time signals, can 
affect accuracy of results. To help with obtaining a good initial estimate of the system FRF during pretest, the 
excitation may be shaped to provide sufficient signal to noise at all frequencies.   
 
 
 

 
 

 
Figure 3. Pretest System Identification 

 
The FRF matrix [H] is measured: 
 

[H] = [Gyx] [Gxx]-1   
Where [Gyx] = avg( Y(f) X(f)’* ), i.e. n-vector times m-vector transposed yields nxm matrix 

 
This matrix is inverted using singular value decomposition to produce the initial [H]-1 used by both frequency 
domain and time domain techniques. 
 
Figure 4 extracts the nine rows from the 9x6 FRF matrix and overplots the six drives’contributions to each of the 
nine control accelerometers.  Typical test situations will exhibit some degree of non linearity and this must be 
compensated for in the control technique.  Figure 5 shows the FRF[y,x] values at the Right A Pillar X accelerometer 
(RAP_X) due to each of the six drives for different excitation levels.  It is clear from this data that the test structure 
response is non-linear because the dynamic response varies significantly with excitation level. 
 
 



 
 

 
 

Figure 4. Shows 9 Rows from the 9x6 Pretest Frequency Response Function Matrix 



 
 
 

 
 

Figure 5. Shows one row, the RAP_X Response, of the 9x6 FRF matrix, at three different Excitation Levels 
 



FREQUENCY DOMAIN TECHNIQUE 
 
The frequency domain control technique uses a convolution technique (Welaratna, 1994) to generate the required 
drive signals to achieve the desired time history response at the control accelerometers.  An FFT is used to convert 
the Reference time histories r(t) to the frequency domain and this is multiplied by the inverse of the FRF Matrix, 
[H]-1 , to produce the drive signal, D(f), in the frequency domain.  An inverse FFT is used to create the drive time 
history frame, d(t).  This is done for each frame in the reference time history. 
 
 
 

 

 
 
 

Figure 6. Frequency Domain Technique 
 

R(f) = FFT (r(t)) 
D(f) = [H]-1 R(f) 
d(t) = FFT-1(D(f)) 
where r(t) and d(t) are time domain vectors, 
R(f) and D(f) are frequency domain vectors, and 
[H] is a square or rectangular matrix 

 
The drive and control signals are recorded to calculate a new [H] matrix during the Iteration phase.  A new inverse 
FRF matrix, [H]-1, is calculated and used for each successive iteration (not shown in Figure 6).  This is typically 
done at a reduced level and the level is increased in steps. 
 
A comparison of the error between the reference and control time history signals is made and used as the basis for 
increasing the iteration level of continuing to the Test phase.  Typical error statistics are average, rms, peak (positive 
and negative), and variance. 
 
This FRF based control technique can be extended to be used for real time correction of the drive signals by 
measuring and updating the FRF matrix during the test phase.  This allows continuous convolution of the time 
history signals with the inverse of the system dynamic response.  A minimum coherence threshold is used along 
with convergence and divergence criteria to ensure stable control.  Control signals are also compared with Reference 
time histories to ensure that the test is within user defined tolerances. 
 
 

TIME DOMAIN CONTROL TECHNIQUE 
 
The time domain correction technique also uses the inverse of the FRF matrix from the pretest to generate the initial 
Drive signals.  Where the techniques differ is in the Iteration phase.  After the first output of the drive signals, the 
time domain technique uses a comparison between the control signal and the reference signals as the basis of drive 
correction instead of a recalculation of the FRF matrix.  The error from the previous iteration, en-1(t), is calculated as 
the reference signal, r(t) minus the control signal for the previous iteration, cn-1(t).  An FFT is used to convert the 
error to the frequency domain, E(f), and this is multiplied by the inverse of the FRF matrix to produce a delta drive, 



ΔD(f).  The inverse FFT of the sum of delta drive, ΔD(f) and the FFT of the drive from the previous iteration, Dn-1(f) 
is used for the drive signal of the next iteration,  dn(t). 
 
 

 
 

Figure 7. Time Domain Iteration Technique 
 

en-1(t) = r(t) – cn-1(t) 
 E(f) = FFT(en-1(t)) 
 ΔD(f) = [H]-1 E(f) 
 Dn(f) = Dn-1(f) + damping* ΔD(f) 
 dn(t) =  FFT-1 (Dn(f)) 

 
The time domain technique does not allow for real time correction of the drive signals during the test phase. 



 
 

Figure 8. Control vs. Reference: Frequency Domain Control 
 

 

 
 

Figure 9. Control vs. Reference: Time Domain Control 



 

 
 

Figure 12. Control vs. Reference: Control Error 
 

 
CONCLUSIONS 

 
Both techniques yield good results for the automotive durability structure used in this paper, but there are a few 
advantages and disadvantages to each technique that must be considered when selecting which is appropriate for a 
specific test. 
 
The time domain technique deals better with equalization of non-linear response.  It also has the ability to make 
correction to the drive signal when the reference signals are correlated, for example multi exciter single degree of 
freedom tests.  This technique can require lengthy iteration because multiple passes of the entire reference time 
history must be processed.  It is also not suitable for tests where the iteration process could adversely affect the test 
article.  This technique does not allow correction for changes in the dynamic response due to fatigue of the structure 
after the iteration process has completed. 
 
The frequency domain technique does not require lengthy iteration since the control is based on the system FRF 
matrix.  It also provides for real time updating of the drive signals during a test.  Because the FRF matrix is used for 
control, it is possible to modify the reference time histories during a test without stopping and repeating the iteration 
phase.  It is however, not as good at dealing with non-linear test structures as the time domain technique.   
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